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Augustus’ solar meridian
functioning and the birth of the
western leap year
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In 12 BCE, Augustus undertook the responsibility for the calendar, which had gradually fallen out of
alignment with the true dates of solstices and equinoxes. Augustus’ calendar reform, entailing the
introduction of a leap day every four years, coincided with the erection of a grand meridian in the
Campus Martius, known in Latin as Horologium Augusti. This device utilized the obelisk of Psamtik I
(6° century BCE) as its gnomon that casted its shadow upon a travertine floor inscribed with bronze
reference marks. Despite the discovery of the obelisk in 18th century and partial excavation of the
floor in 1980, comprehending its geometric intricacies, regarding both dimensions and positioning,
remained a challenge due to the complexities of conducting precise geomatic measurements

in subterranean environments. Consequently, uncertainties persisted regarding its operational
mechanics, particularly regarding whether the marks denoted days or ecliptic degrees. This study
presents accurate measurements and statistically rigorous analyses that enable a precise repositioning
of the meridian and a careful reconstruction of its geometry. The results suggest that the marks likely
denoted specific days of the year, as recalled by Pliny the Elder. This provides support to the hypothesis
that the monument functioned as an empirical validation of Augustus’ calendrical reform. In addition,
the great accuracy achieved in positioning represents a fundamental aid in the desirable scenario to
continue excavations of the meridian.

Keywords Augustus, Solar meridian, Ancient Rome, Leap year, Calendar, Least squares fit, Gnomon,
Psamtik IT obelisk

Since its initial discovery, the so-called Horologium Augusti, as described by Pliny the Elder in the 1st century
CE! and partially excavated by E. Buchner in 1980 at Via di Campo Marzio 48 in Rome** (Fig. 1), has sparked
extensive and intricate debates focused on reconstructing its original meaning, appearance and chronology*~.
Many authors have pointed out that the inauguration of the monument, which must have taken place after 10/9
BCE, occurred a few years after Augustus assumed the position of Pontifex Maximus in 12 BCE, and shortly
before his decree (9/8 BCE) in which he corrected a calendrical error that had occurred during the pontificate of
Marcus Aemilius Lepidus’~. In fact, it was during Lepidus’s tenure that the wrong practice of inserting leap days
every three years instead of every four began.

Regarding its appearance, some scholars advocate for a genuine sundial, featuring the Egyptian obelisk from
Heliopolis as the gnomon and an extraordinarily large marble pavement engraved with lines marking the days
and hours>*>19-13, Conversely, others contest this interpretation, suggesting instead a simple meridian, aligning
with the sole pavement strip discovered by Buchner, oriented north-south*®”:14-18, Notably, despite numerous
core samples and excavations, no evidence (if any, quite the contrary) has emerged to support the existence of a
pavement extending east or west of the known one. Concerning its dating, there was long-standing speculation
that the monument Buchner unearthed was not the Augustan one but rather a reconstruction from the Flavian
era, commissioned under Domitian*® or Vespasian!? as the elevation also suggests. A recent coring conducted
beneath the floor slabs has provided new data but unfortunately these are inconclusive as well®® To sum up,
the evidence does not provide a definitive basis for dating the monument and strongly supports the meridian
hypothesis rather than a sundial. Nevertheless, certain aspects and specific technical details remain inadequately
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Fig. 1. The meridian portion discovered during the archaeological excavations organized by DAI - Deutsches
Archiologisches Institut.
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understood. These encompass the very precise positioning of the pavement fragment found at approximately
7 m depth, the placement of the obelisk/gnomon base, its height, and lastly, the exact significance of the bronze
notches that potentially indicate days or degrees.

Below, we will briefly present the current status of the four points of uncertainty that were just mentioned,
and then provide a concise description of the approach we used to better estimate them.

As for the placement of the pavement fragment, upon its discovery, Ralf Bill'®, and Giinter Leonhardt®,
members of the excavation team, initially situated the relief in relation to the current topography, independently
creating two almost identical maps. Subsequently, two additional independent surveys were conducted. The
first, led by Ismini Milaresis in 2013, utilized a metric wheel and compass; the second, led by Adalberto Ottati
in 2014, employed a total station. A comparison between the two outcomes revealed an error in one of them
due to the imprecise positioning of the roofs of the buildings within the meridian area, which formed the basis
for anchoring to the modern situation. After identifying and rectifying this error, the two surveys aligned, and
the result was published by Frischer in 2017 °. Unfortunately, the figure lacks absolute coordinates, and the lines
depicting modern topography do not easily correlate with the existing structures.

The initial estimation of the obelisk base’s location was proposed by Buchner before the discovery of the
meridian pavement®. The scholar relied on the information provided by Stuart and De Marchis, contained
in Bandini’s book, both of whom observed, at least in part, the excavation of the obelisk?!, and the inscription
still situated in Piazza del Parlamento 3, commemorating the finding of the obelisk base beneath the building.
In 1980, the discovery of the meridian line, whose extension passes through the centre of the base, offered a
precise constraint on the East-West axis. In 1995, Buchner organized a series of cores around that building in
an attempt to intercept the base!!. A partially edited report of this drilling campaign is available®, along with
the plan created by Leonhardt in May 1995, detailing the cores positions®, and some cores, preserved at the
Deutsches Archiologisches Institute and subsequently examined by G. Giordano and C. Rosa®. Regrettably, the
numbering used by Leonhardt and the present numbering on the original cores do not align, making it possible
to identify only few cores. Traces of tuff blocks, likely part of the monument’s foundation, were found in four
cores. Despite the lack of correlation with Leonhardt’s numbering, it appears evident, as observed by Frischer??,
that these four cores should fall within those positioned by Leonhardt corresponding to the outline of the obelisk
base on the 1995 plan, specifically those numbered from 10 to 14, otherwise, it would not be reasonable to
hypothesize the base’s location in that area. In the 1995 plan, Leonhardt proposes two outlines of the obelisk’s
base, with slightly different orientations. Depending on which one is correct, core 14 either intersects or does not
intersect the base. It is worth noting that since only four cores exhibit traces of tuff, the correct solution should be
the one that excludes core 14; otherwise, there would be five cores with tuff traces. This orientation corresponds
to the one previously observed by Stuart, indicating a 15° tilt towards the west. In this case as well, the accuracy
and precision of both survey and positioning of the cores are not known. Lastly, detailed information on the
base dimensions and appearance is available from the reports of De Marchis and Stuart?!; the latter also provides
some accurate survey maps.

With regard to the height of the gnomon, it is important to emphasise that it is only partly related to the
height of the obelisk, which forms only one of its components. The height of the gnomon that we have estimated
is defined as the height of the shadow reference point, which consists of the perpendicular distance to the ground
between the gnomon reference point (centre of the sphere? See supplementary Fig. S1) and the level of the floor
intercepted by Buchner. So, in practice, the segments that need to be added together are: the radius of the sphere
(a), a possible rod that connected the sphere to the top of the obelisk (b), the obelisk itself (c), its base down to
its foundations (pedestal plus three plinths, d), and finally, the potential difference between the gnomon’s ground
level and the level of the meridian pavement at Via di Campo Marzio 48 (e). The measurement of (a) could be
estimated, assuming that one of the globes preserved at the Capitoline Museums is that of Augustus’ obelisk
even if the association, although suggested by some authors, remains highly speculative?>.; the measurement
(b) cannot be accurately calculated as no rod has ever been found; the heights of the obelisk (c) and its base (d)
can be inferred, with some slight uncertainty, from the accounts of De Marchi and Stuart in Bandini (the height
of the obelisk alone can also be measured again); the difference between the obelisk’s ground level and the level
of the meridian’s pavement cannot currently be determined. Anyway our starting point rests on the description
and measurements detailed by Stuart and De Marchis?!. Stuart mentioned that the obelisk stood at a height
of 71.4583 English feet, while its pedestal measured precisely one-fifth of the obelisk’s height, amounting to
14.2916 feet. It should be noted that the decimal digits shown here are those provided in the original document
by Stuart and are shown for completeness; in converting to metric, we will precautionarily stop at centimetres.
Together, they totalled 85.7499 English feet, equivalent to 21.78 + 4.35 m =26.14 m, using the conversion rate of 1
English foot to 304.8 mm?*. This obelisk height value is very close to one of the most accredited values at present
(21.79 m)%. According to Stuart and De Marchis, underneath the pedestal, there were two marble plinths and
a travertine plinth, beneath which the foundation was located. According to Stuart, the travertine floor was
positioned at the same level as the top of the travertine plinth. If we assume this as the base of the obelisk, we
must therefore add to the height of the obelisk and its pedestal the two marble plinths, which were located at a
higher level. Stuart’s records indicate these measured 5 feet, 7 inches, and 60 centesimal (DN and EM in the text),
approximately 1.71 m. Consequently, the total height of the obelisk and its base, excluding the sphere, reaches
27.85 m. If, on the other hand, we follow De Marchis’s description, which places the travertine floor at the base
of the travertine plinth, then we must also add the height of this plinth, 2 and 2/3 palm (0.59 m). In this case, the
total height of the obelisk and its base reaches 28.44 m. Returning to gnomon height estimation, some authors
have employed a simplified trigonometric approach since the height of the gnomon itself can be estimated from
the length of the meridian. By extrapolating data from the sole section of the meridian discovered to date, Schiitz
proposed two heights: initially, 31.0 m’, and later revising it to 30.70 m'®. Albéri Auber, basing calculations on
multiple assumptions, presented varying gnomon heights: 30.34 m; 30.505 m; 30.05 m?S, eventually settling
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at 29.60 m'”. It is worth noting that the measurement of 29.60 m had previously sparked interest as it equals
100 Roman feet. Albéri Auber suggests that this circumstance could have potentially eased the mathematical
computations essential for the project’s realization. Nevertheless, Schiitz?’ takes an opposing view, highlighting
that the calculations Albéri Auber refers to, reliant on a decimal system, would be anachronistic for the period.
It is important to highlight that all these values have been calculated without a rigorous accuracy estimation.

The interpretation of the notches on the travertine floor is not unanimous. The majority of authors addressing
this topic regard the notches as representations of days. However, Schiitz!>?” holds a different opinion,
considering them expressions of the degrees of the ecliptic longitude: in this case, each notch would indicate
an increase of 1 degree, totalling 181 notches. This interpretation stems mainly from the Greek inscriptions
found on the floor, indicating the zodiacal signs of Aries and Taurus, on the west side of the meridian, and Leo
and Virgo, on the east side. Since in the case of days, the number of notches in a leap year would have been 184
instead, and the total length of the meridian remains constant, the two hypotheses assume a different spacing
between the notches. However, because that difference is minimal, up to now, it has not been possible to measure
the distances between two adjacent notches with the necessary accuracy and consequently, understand what the
correct hypothesis is.

To refine the definition of these four points, it was necessary to position the stretch of pavement, which
includes the notches and inscriptions, with sub-centimetre accuracy, utilizing geodetic and geomatic techniques.
Subsequently, by incorporating a reconstruction of the solar ray’s inclination hitting the sundial, we estimated
the relative geometry between the pavement and the gnomon, namely, the gnomon’s height, the meridian’s
length, and the distance between the two sections of the monument. These quantities were associated with their
respective standard deviation with which they are estimated.

Here we show that using an estimator, such as Least Squares method, on measurements taken with precise
geomatic techniques, it is possible to extract the geometric information of the meridian with the accuracy
allowed by the short stretch of pavement found so far. Simultaneously, statistically rigorous approaches make
it possible to estimate not only the values of the unknowns but also their uncertainties. In this study, besides
accurately positioning and reconstructing both the placement and the height (see following paragraph) of the
gnomon with the same accuracy, we succeeded in estimating that the likelihood of the markings denoting days
is higher than that of denoting degrees (see od values in Table 1).

Results

An accurate survey was essential to obtain reliable results for determining the position and size of the gnomon
and its distance from the meridian line. Surveys of the local network with GPS/GNSS receivers and the traverse
with the total station provided the absolute position of the two sections of the monument with sub-centimetre
accuracy with respect to an International Geodetic Reference System.

The mathematical relationship between unknown quantities and observations can be described through
two mathematical formulations: referred to as Model 1/Topographic and Model 2/Pseudo-observations
(Fig. 2) whose differences are explained in detail in the Methods paragraph. The redundancy of the number of
measurements compared to the unknowns and the need to estimate the level of uncertainty with which they
are calculated have required the use of statistical techniques based on the principle of Least Squares. A precise
approach requires associating a ‘weight’ with observations derived from their precision levels.

In this contribution, we employ two categories of observations: geodetic measurements specifically carried
out for this study and pseudo-zenithal observations { (as detailed in Eq. (3) of the methods section) which
have been previously calculated and are accessible to the scientific community through NASA?. The geomatic
measurements, made with laser scanner and photogrammetric surveys, yield a standard deviation value from
the measurement process and subsequent analyses of 3-5 mm. Instead { values derive from considerations
and corrections that reconstruct the sun position at the time the meridian was realised, and for this reason
only assumptions can be made on their standard deviations. The results of the estimates performed under the

notch meaning: days

Adjustment model | Model 1 Model 2

a b < d e

od 0.005m | 0.005m |0.005m |0.005m

ol 0.001° 0.01° 0.1° 0.001°- 0.1°
H 31.171 31.148 31.138 31.154

oH 0.130 0.135 0.270 0.054

D, 14.942 14.933 14.932 14.940

oD, 0.062 0.066 0.147 0.030

a 0.144 0.150 0.307 0.062

b 0.0005 0.004 0.015 0.003

6° 154.385° | 154.129° | 151.495° | 150.612 -150.615°

Table 1. Estimation of the unknowns (H, D), their standard deviations (oH, 0D,), and the parameters of the
error ellipse (a, B, 0°) for the year 4 BCE. Results obtained considering the hypothesis based on notches as day
of year and both adjustment models (model 1: geomatic approach; model 2: pseudo-observations).
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Fig. 2. Standard error ellipse for the position of the gnomon. Please note that the ellipse’s scale exceeds that of
the meridian.

different assumptions for o, will be presented below, while we refer to the methods section for the description of
the procedures and definition of the estimated quantities.

Additionally, the analyses had to account for both hypotheses regarding the ‘meaning’ of notches whether
they represent days of the year or degrees. As previously mentioned, in the two hypotheses, the number of
notches would be different. More specifically, in the notches/degrees hypothesis, there is no difference between a
leap year and a non-leap year. On the contrary, in the notches/days hypothesis, the number of notches can vary
between the two semesters, and the position also changes depending on the year, returning to the same position
at the end of a four-year cycle. Using the travertine floor as if it were at Augustus’ level, in the following estimates,
year 4 BCE will always be used in the calculations, because it is later than the construction of the obelisk and
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because on the basis of specific analyses (see supplementary, Fig. S2) it presents a small deviation between the
{-values in the two half-year periods. In any case, it has been assessed that, based on astronomical calculations,
dating to the Flavian age does not result in significant variations.

Finally, the obtained results allowed us to determine the more probable hypothesis (days/degrees) and the
measurements with higher likelihood.

Hypothesis based on notches as day of year

The values assumed for the uncertainties of d; and {, define the statistic model of observation useful for Least
Squares adjustments: two computational models were employed, as we said, both based on the Least Squares
criterion.

As regards the first adjustment model, the information required is the position of the gnomon in relation
to the southern notch of the meridian line and the adopted statistical model; the coordinates of the top of
the gnomon (unknown point) can be computed using a software developed for the “adjustment of planimetric
networks” that provides the adjusted value of coordinates, their standard deviations, and the parameters of the
standard error ellipses. In addition, the software allows an analysis of the standardized residuals. In Table 1, the
two models with different values of standard deviation (SD) are compared for the same year (4 BCE). More in
detail, columns b-d shows the solutions computed with different values of standard deviations of the angles {
(0,): height and distance of the gnomon together with their standard deviations (o}, 0y,), and the parameters of
standard error ellipse (a, b, 6°), major and minor semi-axes a and b, and orientation 6° are shown (the quantities
are expressed in meters and degree).

The different values assumed for the standard deviation (o, ranging from 0.001 to 0.1 degrees) influences the
unknowns H and D: the differences are 3 and 1 cm respectlvely Respectively: H is the height of the gnomon
while D, is the distance between the axis of the gnomon and the notch currently found further south. Conversely,
their standard deviations change with the variation of the stochastic model: from 27 cm to 13 cm for H, from
15 cm to 6 cm for D. The solution used as a reference is: 0,=0.1°, H=1.138 m and D,=14.932 m.

In the second adjustment model the unknowns are estimated considering for each notch the zenithal angle {,
and the distance from the first notch D, as described in detail in the methods section. The results obtained with
this second model and the same choice of standard deviations on the measurements (064=0.005mand o, =0.001°-
0.1°) are shown in Table 1 (column e). In this second case, the different values of o yield differences less than a
millimetre, both in terms of numerical values or in terms of standard deviation and for this reason results are
reported only one time (column e); this verification was repeated with more extreme values of o, to understand
the variability of the estimations and the results of these further tests are reported in the supplementary (Tab.
S1).

Figure 2 (where the height of the base of the pedestal aligned with the meridian plane should be considered
merely schematic and not a geometric reconstruction hypothesis) shows the geometric configuration in the
vertical plane of the gnomon, the notches on the meridian line and the ellipse of the standard error appropriately
scaled.

The difference in the distance and height of the gnomon between the two models is 8 mm and 16 mm,
respectively. The standard deviations for model 2 are smaller and amount 30 mm and 54 mm, respectively. The
same reduction can be observed also for the parameters of the standard error ellipse. The two models therefore
provide congruent results for the values of the estimates.

In conclusion, the results that we consider most reliable in the notch/days hypothesis are those calculated
with model 2, namely: gnomon height, 31.154 m; distance from gnomon axis to southernmost notch currently
visible, 14.940 m.; total track length (from summer solstice to winter solstice), 58.524 m.

Hypothesis based on notches as degrees of ecliptic longitude

The hypothesis based on the ecliptic longitude associated to each notch leads to different values for the sun
declination, and therefore to different values for the zenithal angle in each notch of the meridian. Assigning
to the obliquity of the ecliptic € (inclination of the solar orbit on the equatorial plane) the value of 23.6964°
calculated with Eq. (5) of the method section and varying the longitude of the ecliptic A by an integer unit
according to the relative value to be assigned to the notch of separation between the constellation of Leo and
Virgo; the astronomical declination can be calculated as in Eq. (4) of the method section.

The same model (2/pseudo-observations) and the same choice for the standard deviation of distances and
zenithal angles used for the previous assumptions (to 0,=0.005 m and o;= 0.1°) leads to the results for the
unknowns shown in Table 2.

As can be seen from the results reported in Table 2, the values of the distance and height of the gnomon,
based on the assumption that the notches are associated with the degrees of ecliptic longitude, are smaller than

Adjustment model: 2 notches meaning: degrees of ecliptic longitude
od ol |H oH D, oD, |a b 0°
0.005m | 0.1° | 30.759 | 0.245 | 14.601 | 0.132 | 0.278 | 0.015 | 151.845°

Table 2. Estimation of the unknowns (H, D), their standard deviations (¢H, 0D,), and the parameters of
the error ellipse (a, B, 8°) for the year 4 B.C. Results obtained considering the hypothesis based on notches as
degrees of ecliptic longitude and adjustment model 2 (pseudo-observations).
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those reported in Table 1-column (e); on the other hand, the standard deviations of these values are considerably
larger.

Considering that the notches spacing depends on the notches meaning (days or degrees of ecliptic longitude),
the standard deviations analysis (model 2: o,;=0.245 and o,,=0.132 notch meaning degrees; 0,;=0.054 and
0, =0.03 notch meaning days) shows a worse fit between model and data measured under the hypothesis of
degrees.

In conclusion, the results that we consider most reliable in the notch/degrees of ecliptic longitude hypothesis
are: gnomon height, 30.759 m; distance from gnomon axis to southernmost notch currently visible, 14.601 m;
total track length (from summer solstice to winter solstice), 57.697 m.

3D modelling of augustus’ Meridan

In this section we will attempt to reconstruct, on the basis of the results of our investigations and existing
historical sources on the Meridian of Augustus, a three-dimensional georeferenced model of the meridian in
which both the measured elements of the meridian and the obelisk are included, as well as the virtual modelling
of the entire meridian and the original elements that are currently missing or replaced. As already mentioned,
the obelisk was placed, after its rediscovery, in Monte Citorio Square, in a different position from the one it
occupied at the time of its construction (Fig. 3a). For the construction of the three-dimensional model of the
obelisk, a photogrammetric approach was applied using images taken with smartphone cameras. Numerous
investigations into the performance of modern smartphone cameras compared to the digital cameras normally
used in digital photogrammetry have shown that the results that can be obtained are very satisfactory?’.

The lenses of modern smartphones allow for excellent results in terms of image detail; the Structure from
Motion algorithms implemented in digital photogrammetry software allow these images to be oriented and very
high quality 3D models to be obtained*’.

In our case, 13 images with a resolution of 12 Mpx (4000 x 3000) of the obelisk taken by a smartphone, with
an equivalent focal length of 26 mm, which photographed the obelisk from positions arranged in a circular
sector of approximately 200° (it is not possible to photograph the obelisk from all directions, nor to take direct
measurements on it, for security reasons), were used to create a 3D model of the gnomon actually located in
Monte Citorio Square. All images were oriented using Agisoft Metashape 2.0.2%!, resulting in a reprojection error
with an RMS (Root Mean Square) of 0.5 pixel. A dense point cloud was then extracted from the oriented camera
network and it used to construct a polygonal mesh.

The resulting 3D model was further modeled in Blender 4.03 using a low-poly approach keeping the
principal break lines in order to preserve sharp edges. The 3D model of the obelisk was positioned relatively to
the surveyed meridian model in according to the calculation performed for hypothesis 1.

The reconstruction of the Augustus’ meridian was carried out in Blender environment, collecting several
models:

i. The portion of the meridian line surveyed by our team.
ii. The obelisk placed in Monte Citorio Square, surveyed by our team.
iii. The CAD model of the obelisk base as metrically described by De Marchis and Stuart?..

Fig. 3. (a) The obelisk in its current position, representation extracted from one of the 13 images used for the
construction of the 3D model and (b) the result of the complete modelling (Blender 4.0%2).
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iv. The CAD model of the sphere as represented on the central relief of the base of the Antoninus Pius column
(see fig. S1 in supplementary).
v. The CAD model of the meridian dial, where the bronze meridian line was laid.
vi. The CAD model of seven steps where the obelisk base stands.

The first two 3D model (i & i), as showed in Fig. 3b, were textured using real images acquired for performing the
surveys as above described, such models were scaled with measurements collected in situ. The obelisk base was
modeled in CAD environment, following the technical drawing and the measurements reported in De Marchis
and Stuart?!, in Fig. 3b is represented in white color. Finally, all objects described in the literature, but whose
measurements were not reported are modeled in gray; specifically: the sphere added to 3D model of the obelisk
and the seven steps that support the obelisk base.

Discussion and conclusions

The Augustus meridian is a unique monument in terms of historical importance and scientific value; it consisted
of a gnomon whose shadow was projected onto a bronze marking strip with orthogonal notches. The meridian
probably served to demonstrate the correct choice of leap year every four years although there is no historical
source to confirm this. In 1980, a travertine floor containing a short part of the meridian line was discovered.

The approach we employed started with a high-precision geomatic survey of its geometry, employing multiple
surveying techniques to obtain accurate and high-precision results. This original approach made it possible to
determine the position of the notches with an uncertainty of less than 3 mm.

To reconstruct the two fundamental quantities H and D, respectively height of the gnomon and distance of
its axes from the southernmost notch of the discovered part of the meridian, we need to assign a specific angle
value to each notch. This angle corresponds to the shadow cast by the gnomon on a particular date and was
determined through astronomical calculations. Two assumptions were made: firstly, that each notch represented
a day of the year, and secondly, that each notch corresponded to a degree of ecliptic longitude.

In this context, it's important to note that the data strongly indicates that the visible meridian pavement
remains largely unaffected by significant displacements. This conclusion is drawn from the observation of the
near-perfect horizontal alignment of the floor. Maintaining such precise horizontality would have been unlikely
if there had been displacements or deformations, which typically exhibit a distinct differential component.
Additionally, the slabs of the floor appear to be seamlessly fitted together, devoid of any gaps or displacements
that would be indicative of deformations in the floor itself.

The data referring to 4 BCE were processed with two different computational models (‘topographic’ and
‘pseudo-observations’), both based on the Least Squares criterion that provided basically the same estimates of
the unknowns (D, and H) with differences of less than 2 cm between the two models. In the ‘pseudo-observations’
model, that resulted the most accurate, the uncertainties (in terms of standard deviation) associated with the
estimated values are 3 and 5 cm for D, and H, respectively.

As mentioned above, two different hypotheses can be made about the function of the notches. Each of them
can indicate a day or correspond to a 1° variation of the ecliptic longitude. While in a leap year the days are 366,
the ecliptic degrees are 360 every year and therefore, over the distance of the entire meridian, the differences
between the two hypotheses are small. However, they are not negligible considering the precision achieved in
our measurements. The standard deviations obtained in the hypothesis notches/degrees is much less accurate,
resulting in several tens of cm, while in the notches/days hypothesis the standard deviations are a few cm. It is
concluded that the fit of the data is better under the notches/days hypothesis.

This contributes to strengthening two hypotheses. The first one is that the sundial represented a monumental
materialization of Augustus’s calendar reform, demonstrating the effectiveness of the corrections made. The
second is that it also served the practical purpose of showing the passage of days, which could only be appreciated
solely in relation to the large dimensions of the gnomon.

Extending the considerations from 9 to 1 BCE (Tab. S1) and thus with two leap years within it, the average
of the values obtained for H and D, deviate by about one cm from the previous results reported in Table 1 for
4 BCE. The level of accuracy that is considered to have been achieved for the unknowns H, D, is of a few cm.

The present work has thus established the complete geometry of the instrument on the basis of all and only the
currently visible elements. The estimations we have calculated under the various hypotheses deviate significantly
from the values assumed by Auber®® and are therefore not compatible with the 100 roman feet hypothesis if we
consider (as Auber does) the Roman foot of 0.296 m, that is the most widespread and accepted estimate®*%.
Schutz’s’ hypothesis, on the other hand, seems to fit better with our estimation under the assumption of notches
as degrees of ecliptic.

It is useful to note that the Auber hypothesis of 100 feet would be much closer to the values estimated by
Schutz and in this contribution if the Attic foot dimension (0.308 m)3* was considered.

In conclusion, the results that we consider most reliable (notch/days hypothesis, model 2), are: gnomon
height (height difference between the top of the gnomon and the discovered floor level), 31.15 m; distance from
gnomon axis to the southernmost visible notch, 14.94 m; total track length (from summer solstice to winter
solstice), 58.52 m.

This indicates that the obelisk casts a maximum shadow of 73.46 m (14.94 m+58.52 m) on the ground at
the winter solstice. This length lies well within the 80 m range that Hannah!? empirically demonstrated to be a
distance within which the shadow of a structure of such dimensions still remains distinctly visible.

Our estimate of the height of the gnomon can be compared with the data derived from Stuart (27.85 m)
and De Marchis (28.44 m). The differences between these values range from 2.71 to 3.3 m and cannot be solely
explained by the possible size of the globe. This supports the hypothesis of the existence, beneath the plinths,
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of an additional base for which we have no measurement, but which could correspond to the “septem gradus
circum” mentioned around 1500 by Pomponio Leto.

It should be noted that, since the differences between the astronomical values used in its construction during
the Augustan period and those of the Flavian period are negligible, this new reconstruction does not provide
additional data to support dating to either period. The “Domitianic” hypothesis primarily relies on the elevation
at which the meridian was discovered, which appears to be higher than the level typically associated with the
Augustan phase. However, it cannot be ruled out that the flooring of the sundial was originally designed to
be elevated above the contemporary walking surface. Such a design choice would have been entirely logical,
particularly given the area’s susceptibility to frequent flooding by the Tiber River.

The data obtained from this study will also facilitate any further excavation of the surviving segments of the
meridian, which, in all likelihood, still lie buried in this sector of the Campus Martius.

In addition, the accurate geometric reconstruction enabled a faithful and accurate virtual reconstruction that
will be seen in a multimedia presentation available on Google Earth.

Methods

Why a geomatic survey was needed?

In order to verify certain hypotheses on the functioning of the meridian, historical studies must be accompanied
by an in-depth knowledge of the geometry of the artefact and in particular the position of the notches in the only
portion brought to light. As there is no comprehensive documentation on the subject, in-depth surveys were
carried out using various techniques to verify the reliability of the results obtained.

The geomatic survey provides the absolute position of the meridian and the distances d, between the 25 of
the 28 available consecutive notches, while astronomical considerations allow each notch to be associated with a
zenithal angle {, (the angle between the observer’s line of sight to the sun and the local vertical) to estimate both
the height H of the gnomon and its horizontal distance D, to the first (southernmost) visible notch.

The geometry of the notches plays a key role and can be observed by performing accurate geomatic surveys
on the find. Indeed, the different geomatic surveys techniques (Total Station, Terrestrial Laser Scanner, Digital
Photogrammetry) have been used to obtain independent results whose congruence provides the level of
reliability of the result achieved.

The number of observations is very redundant compared to that of the unknowns, so a Least Squares
criterion can be adopted for the processing and this makes it possible to estimate the dimensions of the meridian
much more accurately than with a simple trigonometric calculation that does not exploit all the measures taken.
Further, the statistic approach allows for the value of the indeterminacy with which the unknowns are estimated,
in terms of standard deviation.

Two different adjustment models can be adopted, the first of which invokes a geomatic approach (considering
measurements of angles and distances among points) and the second directly considers the geometric relationship
between observation and unknowns.

Geomatic survey

The surveying of the portion of the meridian floor, located in an underground cavity about 7 m below the current
ground level, required the combined use of traditional geomatic techniques and satellite-based methods due to
the complexity of the site and the surrounding urbanized area®®’.

The survey has been georeferenced in the national Geodetic Frame ETRF2000/RDN2008 (EPSG:6708) by
means of an external local GNSS network connected to some stations of the Lazio GNSS Permanent Network™.
The underground room was then connected with a 3D traverse (Total Station measures) to the external GNSS
network, and finally detailed surveys were carried out with total station, photogrammetry and laser scanning for
an accurate and controlled description of the find.

GNSS network

In order to georeference the survey, a GNSS network was implemented outdoor, in the nearby “Piazza del
Parlamento” (Parliament Square). This local network consists of 3 vertices, materialized by metallic markers.
On the 3 points a measure session in static mode lasting about 4 h was performed with dual frequency GPS/
GLONASS geodetic receivers.

The 3 local GNSS vertices were connected to 4 permanent stations of the GNSS network of the Lazio Region,
whose coordinates are known with sub-centimetre accuracy thanks to the connection with the Italian geodetic
reference network RDN*. The resulting 7 points network was post-processed using Topcon Tools 8.2.3%.

Three different solutions have been computed:

« minimum constraint, connecting only the nearest permanent station (4 points network);

o minimum constraint, connecting all 4 permanent stations and assuming the nearest one as fixed (7 points
network);

« all 4 permanent stations assumed as fixed (7 points network).

The three solutions have provided for the local GNSS vertices almost coincident coordinates values, with
+1-2 mm variations. The standard deviations of the coordinates are about 1 mm (horizontal) and 2 mm
(vertical).

As for the altimetry, the GNSS solution has provided ellipsoidal heights, later converted into orthometric
heights using the ITALGEO 2005 national geoid model*!.
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Outdoor-indoor connection traverse

For the georeferencing of the underground room comprising the meridian artifacts, a three-dimensional local
geodetic network (traverse) was established connecting the three outdoor GNSS vertices to the inner spaces.
This part of the geodetic network was measured with a total station and prisms, replaced by opaque targets for
the shortest traverse legs, where the prism target centres were not recognizable due to the high magnification of
the instrument optic.

The traverse includes 10 vertices and spans from Piazza del Parlamento to the underground spaces, passing
through Via di Campo Marzio and then along the building’s interior corridors and stairs, until it reaches the
room where a part of the meridian was discovered. The measurements were performed twice in both directions
(forth and back). All total station measurements were repeated 3 times in straight position and 3 times in reverse.
Forced centring devices were used for all points.

The network adjustment provided 95% confidence intervals of less than 1 cm in all directions.

Detailed survey of the meridian
The meridian remains, consisting of metal plates on the floor of the underground room, were measured by
means of three different techniques, all supported by the network described above”#344,

a) direct total station survey
From the last traverse vertex just above the meridian underground room, the points of intersection between the
longitudinal south/north metal stripe and the transverse notches were directly measured by means of the total
station (Fig. 4B).

For each intersection, 4 points were measured at the corners of the “cross” formed by the metal bands. The
axis coordinates of the longitudinal band were then computed as the average of the east and west side points
coordinates.

b) terrestrial laser scanner (TLS) survey

Following the traverse path from outside to the underground meridian room, 12 overlapping laser scans were
performed. Applications of this technique to archaeological sites are described e.g. in Lerma et al.**. The laser
scans were acquired with a FARO Focus 3D X130 phase difference scanner.

For the relative and absolute orientation of the scans, 21 squared checkerboard targets of 20x20 cm (the
centres of which had been measured with the total station from the traverse vertices) and a set of six calibrated
spheres of 145 mm diameter (only for relative orientation) were used. In this way, the TLS survey results were
georeferenced in the same datum as the geodetic network.

The scans, processed with Cyclone 9.2.1*3, produced a three-dimensional model of the inner space including
the visible part of the meridian. Figure 4A shows the overall point cloud of the 12 merged laser scans.

The intersection points between the longitudinal and transversal metal bands were newly measured on
this 3D model, thus in an independent way from the total station measure described above. The coordinates
obtained from this method result were almost coincident with those measured directly with the total station: the
differences are within +1-2 mm.

c) photogrammetric survey
An accurate survey by digital photogrammetry was also carried out, obtaining a 3D model and an orthophoto
(Fig. 4B) of the meridian floor independent from that derived by TLS. The relative and absolute orientation of
the digital images was based on the same targets used for the TLS survey.

On the 3D model derived from photogrammetry the bands intersection coordinates were measured for a
third time, obtaining values in agreement with the other two methods in a range of + 1-2 mm.

The distances between the 25 consecutive notches were finally computed in order to proceed to an estimate of
the gnomon height and its horizontal distance from the southernmost notch of the visible part of the meridian.

Although the formal standard deviations are of the order of 1-2 mm, taking into account the complexity of
the survey we consider more appropriate to evaluate the distances uncertainty in the order of 3-5 mm. The local
coordinates are in the Supplementary file (Tab. S2, paragraph 1.4).

Astronomic considerations
A meridian is a device whose task is to mark the time and day of the year using the sun’s shadow cast by a
gnomon on a flat surface. Projecting points of the celestial sphere from a point of view positioned in its centre is
equivalent to build a gnomonic map. The projection of the path of the sun followed in the days of the solstices
(parallels of declination) will be represented by two arcs of hyperbola; on the other hand, the projection of the
celestial equator, a great circle that is the path of the sun in the two days of equinoxes, is a straight line (Fig. 5). The
extreme marks of the whole meridian are touched by the gnomon shadow only once a year: at summer or winter
solstice. Specifically, for a meridian located in the northern hemisphere at a latitude greater than the obliquity
of the ecliptic, the gnomon casts its shadow on the southernmost sign on the day of the summer solstice and on
the northernmost sign on the day of the winter solstice. In these two cases the sun reaches its maximum and
minimum declination, respectively, as shown in Fig. 5. The other transverse marks on the meridian (such as that
of Augustus) are generally used to indicate a day that falls between particular astronomical events (such as the
day between an equinox and a solstice); they are touched by the sun’s shadow twice a year, such as the equinox
sign that is reached on equinox days when the sun’s astronomical declination is zero.

Presumably, Augustus meridian was intended to show that the length of the year was 365 days and a quarter
and, consequently, that the Julian calendar reform had been correctly applied by interposing a leap year of 366
days after three years of 365 days. After a period of 4 years, the sun would occupy the same position in the sky
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Fig. 4. (A) Overall point cloud of merged laser scans (Cyclone 9.2.1%2); (B) Orthophoto of the ancient
meridian with the measured notches highlighted.

and thus an obelisk of considerable height would cast its shadow on the same day on the signs of the identical
day occupied 4 years earlier. The higher the obelisk, the more visible is the difference between the position of
the shadow on the same day in different years. In astronomical terms, this implies that the declination of the sun
when it crosses the meridian line is not exactly the same on the same day in two adjacent years, but has four-year
cycles.

This trend is evident by calculating the astronomical declination of the sun at the passage of the Rome
meridian on September 4th for each year from 9B.C. to 1B.C; the result steadily increases from 8.1° to 8.37° in
the period 9BC-6BC, then decreases back to 8.09° in 5BC (leap year), the behaviour is repeated in the next four
years obtaining 8.36° (2BC) and 8.08° in 1BC (leap year).

The same trend is followed by the zenithal angle C of the sun as well. Indeed, for a static observer it depends
only on the astronomical declination § (Eq. 1) because the latitude ¢ of the obelisk is constant:
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Fig. 5. Path of the sun and gnomon (GeoGebra 6.0.866.0%).
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In its apparent annual path on celestial sphere, the sun, following the ecliptic, appears projected onto the various
zodiac constellations (Fig. 6A and B); on the line of Augustus meridian some signs with the names of the zodiac
are engraved in bronze: in part, the inscriptions Krios (Aries), Tauros (Taurus), Leon (Leo), Parthenos (Virgo)
and two meteorological-calendar phrases have been found, which have been recognized by Auber!” as fragments
of a “parapegma’, a kind of calendar with meteorological indications inserted with respect to the constellations
of the zodiac.

The two parapegmatic sentences can be translated as “The Etesii winds end” and “The summer begin”. It
is therefore possible to assign, with some approximation, a day of the year or degree and, consequently, the
declination that will be indispensable for calculating the zenithal angle { associated with each notch.
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zenith

Fig. 7. Effect of diurnal parallax and atmospheric refraction on the computation of zenithal distance.

Auber!” considered the 19th day before the autumn equinox as the day corresponding to the northernmost
notch of the visible part of the meridian. In his work Auber uses a total of 28 notches, but only 25 notches can be
identified from the orthophoto (Fig. 4A) by neglecting the two northernmost notches and the last southernmost
notch. Consequently, the time reference becomes the 21st day before the autumnal equinox (or after the spring
equinox) for the northernmost notch, hence the days corresponding with the 25 notches range from August 11
to September 4 (or from April 12 to May 6).

It is therefore necessary to know the exact day of the autumn equinox of about 2000 years ago. As a historical
period, the year 4 BCE was chosen, a leap year near the time when Augustus built the meridian in Campo
Marzio.

The sun’s declinations, along with the instants of the equinoxes and solstices, have been estimated by using
the Nasa Horizons tool?s.

Alternative hypothesis: days or degrees?

This analysis takes into account the hypothesis that many meridians of the past were constructed by matching
each notch with a degree of ecliptic longitude of the sun. Therefore, each notch would correspond to 1° of ecliptic
and the meridian would thus be divided into twelve sections, each one of 30°, i.e. the twelve constellations of the
Zodiac. Starting from this assumption Auber used the Greek parapegma to reconstruct the meridian, including
the missing part. In this case, the declination of the sun corresponding to each notch can be calculated using the
following equation:

sind = sin\ sine (2)

Where ¢ is the obliquity of the ecliptic, while X represents the ecliptic longitude. In the hypothesis of Auber that
the shadow of the sun falls on the northernmost mark on September 4th, there would be 21 days early until the
autumn equinox (therefore almost 21° of ecliptic longitude).

According with the standard defined by IAU (International Astronomical Union), the value of the obliquity
of the ecliptic changes slowly over the centuries and can be modelled by the following formula:

= 23° 26’ 21.448" — 46.8150" T — 0.000597 T2 + 0.0018131 T3 (3)

where T is the time measured in Julian centuries from the epoch J2000.0*; the average value of ecliptic obliquity
computed for the year the Augustus meridian was built is 23.6964°.

Correction of the zenithal angles

Before using the algorithm for calculating the height of the gnomon, it is necessary to consider that the shadow

cast by the gnomon on the meridian is influenced by the refraction suffered by the sun’s rays passing through the

atmosphere. Furthermore, the zenithal angle { must be calculated for an observer placed on the surface of the

Earth (not in its centre), so the diurnal parallax 7, of the Sun (as shown in Fig. 7) must also be taken into account.
The parallax effect can be modelled by the following expression:
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a (1 - ssin2¢)

i 4
7] sin¢ (4)

T2 =

where a and s represent the semi-major axis and the flattening of the reference ellipsoid, respectively, d the
distance between the center of the Earth and the Sun.

For practical purposes, the reference ellipsoid can be replaced by a sphere and the distance to the sun can be
considered constant. Since this correction, for the sun, does not exceed 8.8”, we can use the following approximate
formula to estimate the diurnal parallax expressed in seconds of arc:

T, = 8.749” sin ¢ (5)

Regarding atmospheric refraction R, there are several algorithms that can be used to model its effect as a function
of the refracted zenithal angle {_

R = A*tan (, — B*tan®C, (6)

with R expressed in arc seconds, A =60.39” and B=0.07” and valid for { <80 ®in normal atmospheric conditions
(t=0°and P=760 mm). Bennett*® suggests the following formula for computing the refraction

7.31°

as a function of the refracted elevation hr=90°- {_expressed in degrees and R expressed in minutes of arc.
Seemundsson®” has instead developed a relationship in which refraction is calculated as a function of true
elevation (h=90°- {) and that is precisely the one to be used in our case:

10.3°
R— 102 cot (h+ W) (8)

In the calculations to be carried out to obtain the height of the gnomon, the refracted zenithal angles {_ must be
used because the apparent path of the sun’s rays is examined, therefore the diurnal parallax and the refraction
corrections must be subtracted from the zenithal angles { (Fig. 7).

Effect of the orbit’s eccentricity

An argument of perihelion almost equal to 288° (Fig. 6B) produces a lack of coincidence between the line of
the apsides and the line of solstices for the Earth’s elliptical orbit around the Sun; according to Kepler’s second
law, it also generates both a different duration of the seasons and a different variation in the Sun’s declination
from the summer solstice. Therefore, the absolute value of the variation of the sun’s declination in the months
of increasing declination for a given number of days until the solstice has a different value if the same number
of days is examined after the solstice. Similarly, the distance between the two extreme notches of the meridian
remains that will be included in the calculation will refer to the change in declination that occurs in 25 days,
but it will be different if this period is considered in the ascending or descending months, even if such period
is symmetrical with respect to the solstice. This means that a meridian to be used as a calendar should have a
double sequence of notches, one relating to the period of the ascending months (from the winter solstice to
the summer solstice), the other for the descending months (from the summer solstice to winter solstice)™.
The recovered part of the Augustus meridian shows only a sequence of notches, and so we need to understand
whether this sequence is more appropriate for ascending or descending months. It is useful to point out that if
the perihelion argument had a value equal to 270° there would have been a perfect coincidence of the notches
for the ascending and descending months.

Estimation of height and gnomon distance by adjustment of measurements

The geomatic survey provides the absolute position of the meridian and the distances d, between the 25
consecutive notches, while astronomical considerations allow each notch to be associated with a zenithal angle
{; (direction of the sun) to estimate both the height H of the gnomon and its horizontal distance D, to the first
(southernmost) notch, Fig. 2. The number of observations is very redundant compared to that of the unknowns,
so a Least Squares criterion can be adopted for the processing. Two different adjustment models can be adopted,
the first of which invokes a geomatic approach (considering measurements of angles and distances among points)
and the second directly considers the geometric relationship between observation and unknowns.

Geomatic approach. Adjustment model 1

In this approach the gnomon and the notches are considered points of a ‘planimetric’ network, connected by
angles and distances, and the unknowns of interest (u) are the coordinates of the gnomon. Let us consider
a local reference system with origin on the first (southernmost) notch of coordinates (0,0), the x-axis along
the meridian and y-axis along the vertical. The centres of the notches and the gnomon are the points to be
determined, belonging to the vertical plane passing through the obelisk and the visible part of the meridian.
Hence the unknowns consist of the coordinates of the gnomon (x ) and the x-coordinates of 24 notches,
constrained on the x axis and therefore with y=0, i.e. (xi, 0).

e
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The measurements considered in the adjustment consist of 24 distances d, between successive notches and
of 25 angles o, with vertex on a notch and directions towards the gnomon and towards the adjacent notch
(therefore along the x axis); these angles are easily computed from .

For each observation we consider the equation that connects it to the unknowns (u) and introducing the
residuals (v;) we obtain a functional adjustment of indirect observations model:

Au=f+v )

The observations are considered uncorrelated with equal standard deviation o, for all the distances and o for all
the angles, so the variance matrix results diagonal s the statistical adjustment model is W= 002 Zu‘l,

The random errors associated with angle measurements are not known with reliability and only hypotheses
can be made about them.

The well-known solution for this model is!:

U= (ATWA) ATWI (10)
Go=(VIWv) /18w =G o(ATWA) (11)

Redundancy r is the difference between the number of measurements and the number of unknowns. X is the
Variance Covariance matrix of the estimates.

Pseudo observations adjustment model 2
We consider for each notch i the zenithal angle {; and the distance from the first notch D,. The functional
relationship (non-linear in the unknowns) is:

Htan (C z) = Do+ D; (12)
Considering the pseudo-observation 1" = tan( , the relationship becomes:
HT; = Do+ D; (13)

This constraint must be valid for any pair of observations relating to each notch inserting the measured values
(Ti, di) and their corrections v 4 and v, since the constraint relationship is non-linear in the unknowns,

approximated initial values h, do and their corrections & h, & do are considered for the unknowns H and d.

In matrix form the equation relating to the measures on the i-th notch results, neglecting 2nd order quantities,
results:

[—1 TNi }{66(1}(1) }"'[l; -1 }[VTi :|:fi§ fi:ao+ di—i}_l (14)

Vg,

The set of pairs of measures, for i=1.2, ... n, (where n is the number of notches) forms the following constraint
model (whose rows are given by the previous formula):

5d =
AlSw B | (15)
In this work a combined adjustment of observations and parameters is used:

Au+Bv=f (16)

As regards the stochastic model, indicating with o, the standard deviation associated with measures D and

with o, those of declinations, by applying the variance-covariance propagation law to the pseudo-measures T,
can be obtained variances different for each i.

Each measure is considered uncorrelated from all the others, therefore the variance matrix of the observations
Y results:

ET:diag((1+T?)2c§ ;i:172,4..n> Ya=021, (17)
¥ =diag (X T, Ed):diag(o%l, 0%27... ,G%H, 031, 0(212,... , O'fln) (18)

Defined the statistical model

W=0c2x* (19)
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set
W.=(BW™'B) " (20)
the solution is given by:
= (A'W.A) TATWL f (21)
and the variance matrix of the estimates is:

Wv

T

<2

~2
0g =

S uu = G0 (ATWA) (22)
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